Mathematics Practice Paper — Integration — Mark scheme

A level
Question Scheme Marks
1(a) 1= A(3x-1)" +Bx(3x—1)+Cx B1
X—0 (1=A) M1
X—3 1=4C = C=3 any two constants correct Al
Coefficients of x*
0=9A+3B = B=-3 all three constants correct Al
4)
1(b)
(i) 1.3 + 3 > dx
X 3x-1 (3x—1)
3 3 a1
=Inx—=In(3x-1)+ (3x-1)" (+C) M1 ALlft Alft
3 (-1)3
(: Inx—In(3x-1)- ! (+C)j
3X—
2 1 2
ii f(x)dx=|Inx—In(3x-1)—
RO et
1 1
= In2—-In5-=|—| In1-In2-=
(n2-ins—F)-( a3 i
—In 2x2 n M1
_i+|n(ﬂ) Al
10 5
(6)
(10 marks)
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Question Scheme Marks
2 Ixsiandx:—XCO;2X+JC0;2de M1 Al Al
_ N sin 2x M1
4
[ P=2 M1 Al
o 4
(6 marks)
3(2) u=Inx = d_uzl
1 dx X
J‘—Sln x dx, 72
X dv X -1
dx -2 22X
In the form %lnXi‘J‘ﬂ%.l M1
X X" X
1 11 1 \nx simplified or un-simplified. Al
=——Inx-| 5 .=d 2x ==
2 2X° X
- j _—12 L simplified or un-
2X° X Al
simplified.
{— _—12 In x +lj is dx}
2X 2) x
1 1 ij‘,uiz.1 — + Bx72 dM1
= ——Zlnx+—(——2j {+c} X X
2 2
Correct answer, with/without + ¢ Al
(5)
3(b) [ 1 1 T 1 1 1 1
——Inx-— =| - In2 — - - Inl-—
2% 4x* | 2(2)° 4(2)° 2(1)° 4(1)*
Applies limits of 2 and 1 to their part (a) answer and subtracts the correct M1
way round.
3 1 3 z 1
=— =] or —-1In2% or —(3-2In2), etc, or awrt 0.1 or
16 8 16 16( ) W Al
equivalent.
()
(7 marks)
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Question Scheme Marks
4(a) stinSx dx = —%xcos3x—J —%cosSx {dx} M1 Al
1 1.
= —=Xc0s3X + =sin3x {+ ¢} Al
3 9
(3)
4(b) Ixz cos3x dx = %xzsin 3x—J. %xsin3x {dx} M1 Al
1, 2( 1 1. .
=— X——| —= 3 —sin 3X C
5 X sin3x 3( 5 X00S3X + s ) {+c} Al isw
{: 1xzsin 3X + Zxcos3x - isin 3x {+ c}}
3 9 27
Ignore subsequent working (3)
(6 marks)
5@) y:4x—xe%x,x>0
{y:O b 4x- xe?' =0b x(4- e")=0 D}
M1
e” =4 P x,=4In2 AL
(2)
5(b) < 1 M1
zx - 2
{Oce } 2xe de { } AL
1, 1.
= 2xe? - 4e2 {+ c} Al
(3)
5(c) { ] B1
4In2 ( 1 1 41In2 or In16 or their limits
{ (4x - xe )dx} {sz - Ler?- 46?)
0
1
k2(4ln2) 2(41n2)er™™ +4e2(4'"2’} {2(0) 2062 + ae?" )} M1
=(32(In2)* - 32(In2) + 16) - (4)
=32(In2)? - 32(In2) + 12 Al
3)
(8 marks)
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Question Scheme Marks
6(a) 1.154701 Bl cao
(1)
6(b) 1 7, :
Area == xo %1+ 2(1.035276 + their 1.154701) +1.414214 ] B1 M1
= 2 4 6.794168 = 1.778709023... =1.7787 (4 dp) L7787 or awrt Al
1.7787
®3)
6(c) X\
z Y For ﬂj(sec(an . B1
Vznj sec(—} dx o
0 2 Ignore limits and dx.
Can be implied.
2 X M1
= {ﬂ}{Ztan (iﬂ 2 +Atan (—)
2)], 2
2tan(§j or equivalent Al
=2r 2z | Alcaocso
(4)
(8 marks)
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Question Scheme Marks
7(a) 5 A B
= +
(x-1)(3x+2) x-1 3x+2
5= A(3x+2)+B(x-1)
x—1 5=5A = A=1 M1 Al
X2 5-—2B = B=-3 Al
3 3
3
7(b)
% gxe (L_ 3 jdx
(x—1)(3x+2) Xx—1 3x+2
=In(x-1)-In(3x+2) (+C) ft constants M1 Alft Alft
3
7(c) 5 1
> _dx=||=]d
J'(x—l)(3x+2) X J[yj Y M1
In(x-1)—In(3x+2)=Iny (+C) M1 Al
K(x-1
y =L) depends on first two Ms in (c) M1 dep
3X+2
Using (2,8) 8:% depends on first two Ms in (c) M1 dep
:64(x—1) Al
3X+2
(6)
(12 marks)
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Question Scheme Marks
8(a) 3y—-4 A B
—_— = —+ = 3y -4 =A@B3y+2)+ By
yBy+2) 'y @y+2) Xi
y=0 = —4=2A = A=-2 L
y=—-%2 = -6=-2B = B=9
J' 3y-4 J'_
vy +2) Y (3y+2) MLALft
Al cao
= —2Iny +3In3y + 2) {+c}
(6)
8(b) {x—4sm 9:}3—0_83m0c039 or d—_4sm20 or dx =8singcosgdg Bl
4/ 4sin” 6 .8sinfdcoso d9 or «/ 4sin” 9 . 4sin 260 d¢9 M1
4-4sin’@ 4—4sin?
=J’tan9.85in¢9cose{d<9} or jtan9.4sin249 {d6} M1
=ISSin29d€ Al
3=4sin’6 or%:sinzeor sin6’=§:>9=% {x=0—>6=0} B1
®)
8(c _
© ={8}K1 Cgszejde {: I(4—400320)d9} M1
1 1. .
={8}(§6’—Zsm29j {= 40 - 2sin26} M1 Al
Fssinze(wr: s{la—lsinzer gl [ 213 ~(0+0)
0 2. 4 ) 6 4| 2
4
=37 ~J3 o.e. Al
4)
(15 marks)
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Question Scheme Marks
9(a) Working parametrically:
X :1—%t, y=2'-1or y=e" -1
{x=0 :>}0=1—%t:>t=2 Applies x =0 to obtain a value for t. M1
Whent=2, y=2>-1=3 Correct value for y. Al
(2)
Appli = in lue for t.
9(b) (y=0=}0=2 —15t=0 pplies y =0 to obtai a_vaue ort M1
(Must be seen in part (b)).
When t =0, x=1—%(0)=1 x=1 Al
)
3(c) x__1 and either d—y:Z‘ In2 or d—y:e"“2|n2 B1
dt 2 dt dt
dy 2'In2 q dx
dx 1 Attempts their <. divided by their &*. M1
- dt dt
2
AtA, t="2" s0 1
Applies t ="2" and m(N) = ——
m(T) =-8In2 = m(N) = 1 PP N) m(T) M1
8In2
1 1 .
y—-3=——(x-0) or y=3+ ———x orequivalent. | M1 A1l oe
8In2 8In2
Ccso
(5)
9(d) . 1 N
Area(R) = .[(2 - 1). -5 dt Complete substitution for both y and dx M1
Xx=-1->5t=4 and x=1—->1t=0 B1
t
2j\In2
M1*
H t 2t t (2‘) t t
Either 2' > = or (2 -1) > —"—— -t or (2 -1)>+a(In2)(2) -t
In2 +a(In2)
21
(2 -1) > -t Al
In2
t 0
S AN I (L]_(E_Llj
2|In2 . 2{{In2 In2
Depends on the previous method mark. dM1*

Substitutes their changed limits in t and subtracts either way round.
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Question Scheme Marks
_ L S 2 or equivalent. Al
2In2 2In2
(6)
(16 marks)




A level Mathematics Practice Paper — Integration — Mark scheme

Question Scheme Marks
3
10(@) A= Q (3- x)(x+1) dx , x=1+2sing
e =2c0sq Bl
dg
{O\ /(3- x)(x+1) dx or 0 |(3+2x- x%) dx]
_ N(s—(1+ 25in 0))((L+ 2sin) +1) 2cosd {do} M1
= I\/(Z— 2sin0)(2 + 2sin@) 2coso {db}
= 0‘ /(4 4sin2q) Zcosq{dq}
= 0‘ /(4 4(1- coszq) Zcosq{dq} or O/\ 4cos’q 2cosq{dq} M1
- 4Goszqdq, {k =4} Al
. . . 1 P
0=1+2sing or - 1=2sing or sing=- > P g=- 5
Bl
and 3=1+2sing or 2=2sing or sing=1b qz%
(5)
10(b) , _ (1 +C0S 2qj
{kJ.cos q{dq}} = {k}I — {dq} M1
IRTES
= {k}(2q+ 4sm2qj M1
{SO 4—[ " cos? gdg = [2g+sin 2q]i }
{45) () (£2) (%)
2 2 6 6
—(7)- 7 B _47 B Al
3 2 3 2 cao cso
®3)
(8 marks)




A level Mathematics Practice Paper — Integration — Mark scheme

Question Scheme Marks
11(a) X =30sin@, y=sec®0, O§6<%
3 3 1 1 V4
{When y=8,} 8 =sec’d = cos 9:5 :>cos€=§ :>¢9=§
M1
k (or x) = 3(stin(£]
3 3
SO k (or x) = % Al
(2)
11(b) 3— =3sind + 30cosd Bl
{ y— {do }:I(sec36)(3sin9+3¢90036’){d6’} M1
= 3."6?sec2 0 +tan@sec’ 6 do Al *
x=0and x=k = a=0 and ,B:% B1
4)
M1
11 {J-Hsecz@de } = Htane—ftane{de}
dM1
= @tand—In(sech) or = @tand+In(cosh) Al
1 1
tan @sec’ 0do } = Ztan’@ or =sec’d
{J- 2 2 M1
or iz where u = cosd
2
Al

or %uz where u =tané

{Area(R)} = [30tan0 3In(secd) + —tan H}

0

or [3Htan0 3In(secd) + —sec 0}

z
3

0

({5 30)-0 o ({3)5-sne- 30 ) 3

=%+ 37-3In2 or g+\/§ﬂ+3|n(%j or g+ 37-1In8 or

In(l —+ 371')
8

Alo.e.

(6)

(12 marks)

10
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Question Scheme Marks
12(a) 1=AG-P)+BP Can be implied. M1
A= l, B= 1 Either one. Al
5 5
ving L. b
iving =
gving = + 5-P) Al cao, aef
®3)
12(b
- [La B1
P(5-P) 15
M1*
Linp —lln(5— P) =it (+¢)
5 5 15 Alft
1 1 1
{t=0,P=1=} glnl—gln(4)=0+c {:> c=—gln4} dm1*
1 P 11 Using any of the subtraction (or
e.g.: Eln[ﬁj ZEt —gln4 addition) laws for logarithms dM1*
} CORRECTLY
In 4P =1t
5-P 3
eg: et or eg: 2 e Eliminate In’ 1 dM1*
S e p T S Tp 1iminate In’s correctly.
gives 4P =5¢" — Pe'' = P(4 +¢")= 5¢"
it . 1t
p-_¢ m G elt) Make P the subject. dm1*
4+eh) [
P:%or Pz%etc. Al
@+4e®) (5+20e )
(8)
12(c) |1+4e*>1 = P<5. Sopopulation cannot exceed 5000. B1
(1)
(12 marks)

11
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Source paper | Question | New spec references | Question description New AOs
number
1| C42012 1 2.10, 8.6 Partial fractions, Integration 1.1b
2 | C4 Jan 2011 1 8.4,5.3 Integration 1.1b
3 | C4Jan 2013 2 8.2,8.5 Integration 1.1b
4 | C4 Jan 2012 2 8.2,8.5 Integration 1.1b,
5| C4 2015 3 6.3, 8.5 Integration 1.1b, 2.1, 3.1a
6 | C42013 3 8.2,85,6.4 Integration 1.1b, 2.1
7 | C4 Jan 2011 3 2.10, 8.6, 8.7 Algebra and functions, Integration 1.1b, 3.1a
8| C4 2016 6 8.5, 8.6 Integration 1.1b, 2.1, 3.1a
9 | C4 Jan 2013 5 3.3,73,75,8.3,85 Parametric curves and equations, Parametric differentiation, Integration 1.1b, 3.1a
10 | C4 2015 6 8.2,8.3,85 Integration 1.1b, 2.1
11 | C4 2017 8 54,74,83,8.5 Parametric curves and equations, Integration 1.1b, 2.1, 3.1a
12 | C4 Jan 2012 8 2.10, 8.6, 8.7, 8.8, 2.11 | Partial fractions, Integration 1.1b, 2.1, 3.1a, 3.4
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