A level Mathematics Practice Paper — Integration — Mark scheme

Question Scheme Marks
1(a) 1= A(3x—1)" +Bx(3x~1)+Cx Bl
x—0 (1=4) M1
x—1 1=1C = C=3 any two constants correct Al
Coefficients of x?
0=94+3B = B=-3 all three constants correct Al
)
1(b)

1) L + 3 > |dx
x 3x-1 (3x—1)

:lnx—gln(3x—1)+

M1 Alft Alft

3x—

(=lnx—ln(3x—l)—

(ii) sz(x)dxz{lnx—ln(3x—l)—3l J
1 x—1],

= 1n2—1n5—l — 1n1—ln2—l M1
5 2
2x2
=In + M1
_3 w2 Al
10 5

©

(10 marks)




A level Mathematics Practice Paper — Integration — Mark scheme

Question Scheme Marks
2 . 2 2
jxsmzxdx:—xcozs x+J°(’52 i MI Al Al
in2
_ | sin2x M
4
[ .. ]P=Z MI Al
o 4
(6 marks)
3@) { u=Ihx = %:l
I —Inx dx, )
X Vo, b -1
=X = Vv=—=—
dx -2 2%
In the form ﬁlnxij‘,uiz.l M1
X X X
-1 11 _—12 Inx simplified or un-simplified. Al
=— lnx — 2x T
2x 2x° x
- = 1 simplified or un-
2x° x Al
simplified.
{: _—12 In x +lji3 dx}
by 2) x
1 1 -
1 11 ifﬂ7.— - *px. dM1
el 7
2x 2\ 2x - -
Correct answer, with/without + ¢ Al
)
3(b) 2
[—%lnx—%} =|- ! >In2 - ! ool el i 121n1— 12
2x 4% | 2(2) 4(2) 2(1) 4(1)
Applies limits of 2 and 1 to their part (a) answer and subtracts the correct M1
way round.
301 3 < 1
=—--In2 or —-In2® or —(3-2In2), etc, or awrt 0.1 or
16 8 16 16 Al
equivalent.
(2)
(7 marks)
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Question Scheme Marks
4(@) J.xsin3x dx = —%xcos3x—J‘ —%c0s3x {dx} M1 Al
1 1 .
=—§xcos3x+§sm3x {+¢} Al
3)
4(b) Ix2 cos3x dx = %xz sin3x—J.§xsin3x {dx} M1 Al
= %xz sin3x—§(—%xcos3x + ésin3x) {+ c} Al isw
{z lx2 sin3x + zxcos3x - isin3x {+ c}}
3 9 27
Ignore subsequent working A3)
(6 marks)
S(a) p=dy—yer, x 20
{y=0 = dx—xe” =0 x(4— ¢”)=0 :>}
" Ml
e =4= x,=4In2 Al
(2)
5(b . L 1 M1
®) “xeixdx}= 2xe? —J.Ze2 {dx}
Al
L L
= 2xe? —4¢? {+c} Al
3
>() { 4xd.x} = 20 Bl
A2 r- 1 1 4n2 or ln16 or ther hmils
JJ (4x — xe%")dx}: [2x2 - LerZ’Z 4" J}
0 0
1 1 1 1
- {2(41112)’- 242y %z(‘hz’) - {2(0)2 — 200+ 4e2‘°)) M1
=(32(In2)’ - 32(In2) + 16) - (4)
=32(In2)’ - 32(In2) + 12 Al
3)
(8 marks)
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Question Scheme Marks
6(a) 1.154701 Bl cao
@)
6b) | prea z%x% ;x( 1+2(1.035276 + their 1.154701) +1.414214] BI M1
T B B 1.7787 or awrt
= EX 6.794168 = 1.778709023... =1.7787 (4 dp) 17787 Al
3
6(c) XY
z Y For ﬂ“'(sec(ED . B1
szrj- sec(—j dx o
0 2 Ignore limits and dx.
Can be implied.
= {ﬂ}{2tan(£ﬂ2 ixltan(fJ Mi
2)], 2
2tan(§j or equivalent Al
=2 2z | Al cao cso
4
(8 marks)
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Question Scheme Marks
7(a) 5 4 B
(x-D)(3x+2) x-1 3x+2
S:A(3x+2)+B(x—1)
x—1 5=54 = 4A=1 M1 Al
yos 2 5-—2p = B=—3 Al
3 3
3)
7(b)
0 gee (L_ 3 jdx
(x—l)(3x+2) x—1 3x+2
=In(x—1)-In(3x+2) (+C) ft constants M1 Alft Alft
3)
7(c) 5 1
——dx=||—|d
I(x—l)(3x+2) j[yj Y M
In(x—1)-In(3x+2)=Iny (+C) Ml Al
K(x—l) )
y=—">= depends on first two Ms in (¢) M1 dep
3x+2
Using (2,8) 8 :g depends on first two Ms in (c) M1 dep
y:M Al
3x+2
(6)

(12 marks)
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Question Scheme Marks
8(a) 3y—4 A B
— = —+ = 3y-4=A4A3y+2)+ By
y3y+2) v (r+2) 1;411
y=0 = -4=24 = A4=-2
, ) Al
y=-x = —6=—§B = B=9
3y—4 -2 9
—dy = j—+ dy
Iy(3y+2) v Gy+2) MLATft
Al cao
= —2Iny +3In(3y +2) {+ ¢}
(6)
8(b) {x 4sin® 9:>} 22 =8sinfcosf or ﬂ—4s1n29 or dx =8smfcosll B1
1[ 4sin” 0 .8sinf@cos O dt9 or ,/ 4sin” 0 .4sin 260 d0 M1
4—4sin* 0 4—4sin’ 0
=Jtan0.8sinecosﬁ{d0} or Itan0.4sin20 {d6} Ml
=J.8sin20dt9 Al
3 =4sin’ 0 orizsinzé’or sin@zgzﬁzg {x=0->0=0} Bl
5
8(c _
(©) :{8}‘[(%}19 {: I(4—400529)d9} M1
={8}(%9—isin20j {= 40—2sin29} M1 Al
*8sin’60 do = 8{19—lsin29}3 [z Y3 ~(0+0)
0 27 4 . 6 4 2
= izr— 3 o.e. Al
3
4)
(15 marks)
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Question Scheme Marks
9(a) Working parametrically:
le—lt, y=2"-1or y=e" -1
{x=0=}0= 1—%t =t=2 Applies x =0 to obtain a value for 7. M1
When t=2, y=2"-1=3 Correct value for y. Al
(2)
9(b) ()=0=10=2 —121=0 Applies y =0 to obtain aivalue for ¢. M
(Must be seen in part (b)).
When =0, x=l—%(0)=1 x=1 Al
(2)
() 1 and either Y_ 2'In2 or Y_ e™1n2 Bl
dt 2 dt dt
dy _ 2'In2 d dx
o1 Attempts their = divided by their —. Ml
- dr dt
2
AtA, t="2", so 1
Applies t="2" and m(N) = ——
m(T) =-8In2 = m(N) = ! PP M) m(T) Mi
8In2
y-3= 81112 (x-0) or y=3+ ™ x or equivalent. M1 Al oe
Cso
&)
9(d) . 1 .
Area(R) = I(Z - 1). -5 de Complete substitution for both y and dx M1
x=—-1—>¢t=4 and x=1—>1¢=0 B1
1 2!
=1-= —t
{ 2}[ln2 j
@) M1*
. 2[ t
Either 2’ > — or (2' -1) > —————tor (2' -1)>ta(n2)2") ¢
e (2 Ta(n2) (2 1) > £a(n2)@)
(2 -1)> 2 Al
In2
[ 7 1(( 1 16
I [ S N
{ 2[ln2 l} 2((ln2j Eln2 n
D th i th k.
epends on the previous method mar dM1*

Substitutes their changed limits in # and subtracts either way round.
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Question Scheme Marks
b 5 _ 2 or equivalent. Al
2In2 2In2
(6)
(16 marks)
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Question Scheme Marks
10(a) 3 .
A= I J3-x)Yx+1)dx , x=1+2sinf
— =2cosf B1
dég
{‘[1{(3—x)(x+1) dx orj.\((3+2x—x2) dx }
_ N(s—(l T 2sin@))((1 + 2sin) + 1) 2cosd {d6} MI
= J'\/(z— 25in0)(2 + 2sin0) 2cos0 {d6}
_ J.,/(474sin29) 2c036 {d6)
= j‘f(474{17c0s26) 2c0s6{d0} or J.\Mcos""ﬂ 2c036{d0} Ml
= 4Icos’-ada, {k =4} Al
. . . 1 T
0=1+2sind or —1=2sind or sm0=—§ = 0=—g
B1
and 3=1+2sinf or 2=2sind or sinf=1=> 9=§
©)
10(b) . B (1 + c0s26’)
{kjcos G{dﬂ}} - (2] oo M
1 1.
= {k}[29+ 4511126] Ml
{SO 4I "cos*0d0 = [ 20+ sin20 }
{45 o) () w()
2 2 6 6
=(x)- _Z_ﬁ _ar ﬁ Al
B 302 302 €20 ¢so
3)
(8 marks)
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Question Scheme Marks
H@ | 3p6ine, y=seco, ose<%
3 3 1 1 T
{Wheny=8,} 8 =sec’ 8 = cos 9=§ :>cos9=5 :Hzg
. . M1
k =3| = |sin| —
(or x) (3jsm(3)
S0 k (or x) = % Al
(2)
11(b) E:3sin0+ 36cosb B1
de
dx 3 .

J‘y@ {d&} =I(sec 6’)(3s1n6’+36’cos€){d6’} M1
=3j<9sec20+tan0seczl9dl9 Al *
x=0and x=k = a=0 and ,Bz% B1

“)
11 M1
© {J.Hseczﬁdﬁ} = Gtan6- [tan0{d6)
dM1
= ftan 6 —In(secd) or = ftand+In(cosh) Al
{J-tanﬁseczedﬁ} = ltanzé’ or lseczé’
2 2 M1
or Lz where u = cosé
2u
or %uz where u = tand Al
{Area(R)}=[3t9tanz9—3ln(sec@)vL%‘[an2 0}3 or [.’>0tant9—3ln(sect9)+%sec2 0}3
0 0
- 3(£)J§—3ln2+§(3) ~(0) or 3[£j\/§—3ln2+§(4) —(ij
3 2 3 2 2
= %+ 37 -3In2 or %+\/§ﬁ+3ln(%) or %+\/§ﬂ—ln8 or
| Al o.e.
1n(—eg+ﬁ”j
8
(6)
(12 marks)

10
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Question Scheme Marks
12(a) 1=A5-P)+BP Can be implied. M1
A= l, B= 1 Either one. Al
5 5
1 1
ving = + —2
giving P G-P) Al cao, aef
3
12(b
(®) 1 dpP = L dr Bl
P(5 - P) 15
MI1*
llnP - lln(5 -P)= it (+ c)
5 5 15 Alft
1 1 1
{t:O,PII 3} glnl—gln(4)=0+c {:> c=—§1n4} dM1*
1 P 1 1 Using any of the subtraction (or
e.g. gln(ﬁ] = Et - gln4 addition) laws for logarithms dM1*
- CORRECTLY
4p 1
In =—t
(5 - Pj 3
cg: —F—of or egr 1L -c¥ Eliminate In’ 1 dM1*
g s_p .g.: ap mminate In’s correctly.
gives 4P = 5¢"' — Pe’ = P(4+¢”)= 5¢”
5 3t - 1t
p=—" - ( elt) Make P the subject. dM1*
(4+¢e") (=e")
P:—lorpz%etc. Al
(1+4e™) (5+20e)
®)
1+4e ¥ >1 = P<5. o population cannot excee .
12(c) So popul d 5000 Bl
&)
(12 marks)

11
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Source paper | Question | New spec references | Question description New AOs
number
1] C42012 1 2.10, 8.6 Partial fractions, Integration 1.1b
2| C4Jan 2011 1 84,53 Integration 1.1b
3| C4Jan 2013 2 8.2,8.5 Integration 1.1b
4 | C4 Jan 2012 2 8.2,8.5 Integration 1.1b,
5| C42015 3 6.3,8.5 Integration 1.1b, 2.1, 3.1a
6 | C42013 3 8.2,8.5,6.4 Integration 1.1b, 2.1
7 | C4Jan 2011 3 2.10, 8.6, 8.7 Algebra and functions, Integration 1.1b, 3.1a
8| C42016 6 8.5,8.6 Integration 1.1b, 2.1, 3.1a
9 | C4 Jan 2013 5 33,7.3,7.5,83,8.5 Parametric curves and equations, Parametric differentiation, Integration 1.1b, 3.1a
10 | C4 2015 6 8.2,8.3,8.5 Integration 1.1b, 2.1
11| C42017 8 54,74,8.3,8.5 Parametric curves and equations, Integration 1.1b, 2.1, 3.1a
12 | C4 Jan 2012 8 2.10, 8.6, 8.7, 8.8, 2.11 | Partial fractions, Integration 1.1b,2.1,3.1a,3.4
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