
Year 2 Pure Chapter 11 – Integration 
Standard Functions  

(Must Learn) 
 

∫ 𝒂𝒂𝒂𝒂𝒏𝒏 𝑑𝑑𝑑𝑑 = 𝑎𝑎𝑎𝑎
𝑛𝑛+1

𝑛𝑛+1
+ 𝑐𝑐 

 
____________________________________________ 
 

∫ (𝒂𝒂𝒂𝒂+ 𝒃𝒃)𝒏𝒏 𝑑𝑑𝑑𝑑 =
1

𝑎𝑎(𝑛𝑛 + 1) (𝑎𝑎𝑎𝑎 + 𝑏𝑏)𝑛𝑛+1 
 
____________________________________________ 
 

∫
𝟏𝟏
𝒂𝒂𝒂𝒂  𝑑𝑑𝑑𝑑 =

1
𝑎𝑎 ln |𝑎𝑎𝑎𝑎| + 𝑐𝑐 

 
____________________________________________ 
 
denominator to power of 1 

∫
𝟏𝟏

(𝒂𝒂𝒂𝒂 + 𝒃𝒃)
 𝑑𝑑𝑑𝑑 =

1
𝑎𝑎

ln |𝑎𝑎𝑎𝑎 + 𝑏𝑏| + 𝑐𝑐 
 
____________________________________________ 
 
denominator to power of that is not 1 

∫
𝟏𝟏

(𝒂𝒂𝒂𝒂 + 𝒃𝒃)𝒏𝒏
 𝑑𝑑𝑑𝑑 =

1
𝑎𝑎(−𝑛𝑛 + 1)

(𝑎𝑎𝑎𝑎 + 𝑏𝑏)−𝑛𝑛+1 
 
____________________________________________ 

 

∫ 𝒆𝒆𝒂𝒂𝒂𝒂 +𝒃𝒃 𝑑𝑑𝑑𝑑 =
1
𝑎𝑎
𝑒𝑒𝑎𝑎𝑎𝑎+𝑏𝑏 + 𝑐𝑐 

 
____________________________________________ 

 

∫ 𝐜𝐜𝐜𝐜𝐜𝐜(𝒂𝒂𝒂𝒂+ 𝒃𝒃)𝑑𝑑𝑑𝑑 =
1
𝑎𝑎 sin(𝑎𝑎𝑎𝑎 + 𝑏𝑏) + 𝑐𝑐 

 
____________________________________________ 

 

∫ 𝐬𝐬𝐬𝐬𝐬𝐬(𝒂𝒂𝒂𝒂+ 𝒃𝒃)𝑑𝑑𝑑𝑑 = −
1
𝑎𝑎 cos(𝑎𝑎𝑎𝑎 + 𝑏𝑏) + 𝑐𝑐 

 
 

Trig Function  

(Formula Booklet)  
 

Integration 
∫ 𝒔𝒔𝒔𝒔𝒔𝒔𝟐𝟐 𝒌𝒌𝒌𝒌 𝑑𝑑𝑑𝑑 = 1

𝑘𝑘
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 𝑐𝑐 

 

∫ 𝒕𝒕𝒕𝒕𝒕𝒕 𝒌𝒌𝒌𝒌 𝑑𝑑𝑑𝑑 =
1
𝑘𝑘

ln[sec 𝑘𝑘𝑘𝑘] + 𝑐𝑐  
 

∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒌𝒌𝒌𝒌 𝑑𝑑𝑑𝑑 =
1
𝑘𝑘

ln | sin 𝑘𝑘𝑘𝑘 | + 𝑐𝑐 
 

∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 𝒌𝒌𝒌𝒌 𝑑𝑑𝑑𝑑 

= −
1
𝑘𝑘

ln |𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑘𝑘𝑘𝑘 + cot𝑘𝑘𝑘𝑘 | + 𝑐𝑐 

=
1
𝑘𝑘

ln |𝑡𝑡𝑡𝑡𝑡𝑡 �
1
2
𝑘𝑘𝑘𝑘�] + 𝑐𝑐 

 

∫ 𝒔𝒔𝒔𝒔𝒔𝒔 𝒌𝒌𝒌𝒌 𝑑𝑑𝑑𝑑 

=
1
𝑘𝑘

ln |𝑠𝑠𝑠𝑠𝑠𝑠 𝑘𝑘𝑘𝑘 + tan 𝑘𝑘𝑘𝑘 | + 𝑐𝑐 

=
1
𝑘𝑘

ln |𝑡𝑡𝑡𝑡𝑡𝑡 (
1
2
𝑘𝑘𝑘𝑘 +

1
4
𝜋𝜋)| + 𝑐𝑐 

____________________________________________ 

Differentiation  

 



Reverse Chain Rule 
(Multiplying Functions) 
 

∫ 𝑓𝑓′(𝑥𝑥)�𝑓𝑓(𝑥𝑥)�𝑛𝑛 
 

Possible answer 

[𝑓𝑓(𝑥𝑥)]𝑛𝑛+1 
 

Differentiate possible answer  
to see if you need a multiplier 

________________________________________ 
Reverse Chain Rule  
(Dividing Functions) 
 

�
𝑓𝑓′(𝑥𝑥)
𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑑𝑑 

 

Possible answer 

ln|𝑓𝑓(𝑥𝑥)| + 𝑐𝑐 
 

Differentiate possible answer  
to see if you need a multiplier  

________________________________________ 

By Parts  

(Multiplying Functions) 
 

�𝑢𝑢
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 𝑑𝑑𝑑𝑑 = 𝑢𝑢𝑣𝑣 − �𝑣𝑣
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 𝑑𝑑𝑑𝑑 
 

Given in the formula booklet. 
 

𝑢𝑢 will always be the 𝒙𝒙𝒏𝒏 term 
UNLESS one term is 𝒍𝒍𝒍𝒍 𝒙𝒙. 

 
 

Special Case: 
 

∫ ln 𝑥𝑥  𝑑𝑑𝑑𝑑 = ∫(1)(ln 𝑥𝑥)  𝑑𝑑𝑑𝑑 
 

Now do by parts 

By Substitution 
Rewrite the question and 

the limits in terms of 𝑢𝑢 
 

 
 

Let 𝑢𝑢 = 2𝑥𝑥 + 5  
 

 Rearrange 𝑥𝑥 = 𝑢𝑢 − 5
2

 
 

Differentiate  𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 2  
 

Rearrange  𝑑𝑑𝑑𝑑 = 1
2
𝑑𝑑𝑑𝑑 

 

Change Limits using, 
 𝑢𝑢 = 2𝑥𝑥 + 5  

 

When 𝑥𝑥 = 2  then  𝑢𝑢 = 9    
When 𝑥𝑥 = 1  then  𝑢𝑢 = 7    

 

Now substitute,  
 
 

� (
𝑢𝑢 −  5

2
)√𝑢𝑢 

1
2
𝑑𝑑𝑑𝑑

𝟗𝟗

𝟕𝟕
 

 

Tidy up, 

�  
𝑢𝑢
3
2

4
−

5𝑢𝑢
1
2

4
𝑑𝑑𝑑𝑑

𝟗𝟗

𝟕𝟕
 

 

Now integrate, 
and substitute in limits. 
 
 

� 𝑥𝑥√2𝑥𝑥 + 5 𝑑𝑑𝑑𝑑
2

1
 



Year 2 Pure Chapter 11 – Integration 
Partial Fractions  
Take a single fraction and split it into two 
or more fractions then integrate each 
individual fraction. 
 

�
𝐴𝐴

3𝑥𝑥 + 1
+

𝐵𝐵
𝑥𝑥 − 2

+
𝐶𝐶

(𝑥𝑥 − 2)2
 𝑑𝑑𝑑𝑑 

 

Numerator: Power of 1  

�
𝐴𝐴

3𝑥𝑥 + 1
=  

1
3
𝐴𝐴 ln[𝑥𝑥 − 2] 

 

�
𝐵𝐵

𝑥𝑥 − 2
=  𝐵𝐵 ln[𝑥𝑥 − 2] 

 

Numerator: Power not 1 

�
𝐶𝐶

(𝑥𝑥 − 2)2
=  
𝐶𝐶(𝑥𝑥 − 2)−1

−1
 

 
=

1
3
𝐴𝐴 ln[𝑥𝑥 − 2] + 

1
3
𝐴𝐴 ln[𝑥𝑥 − 2] +

𝐶𝐶(𝑥𝑥 − 2)−1

−1
+ 𝑐𝑐 

 
Before doing partial fractions always check to see 
if you have a top-heavy fraction. Is the highest 
power of the numerator equal or greater than the 
highest power of the denominator? 
 

�
9𝑥𝑥2 − 3𝑥𝑥 + 2

9𝑥𝑥2 − 4
 

 

If yes then do algebraic long division,  
 

= �1 +  
6 − 3𝑥𝑥

9𝑥𝑥2 − 4
 

 

Now partial fractions, 
 

= �1 +  
1

3𝑥𝑥 − 2
−

2
3𝑥𝑥 − 2

  
 

Now integrate. 

Differential Equations 
(Mix of variable and derivatives)  
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥𝑦𝑦 
Split  

�
1
𝑦𝑦

 𝑑𝑑𝑑𝑑 = �𝑥𝑥  𝑑𝑑𝑑𝑑  

Integrate  

𝑙𝑙𝑙𝑙  [𝑦𝑦] =  
𝑥𝑥2

2 + 𝑐𝑐 
 

Make y the subject 

𝑦𝑦 =  𝑒𝑒
𝑥𝑥2
2  + 𝑐𝑐   

 

Simplify if possible 

𝑦𝑦 =  𝑒𝑒𝑐𝑐𝑒𝑒
𝑥𝑥2
2  + 𝑐𝑐  

𝑦𝑦 =  𝐴𝐴𝑒𝑒
𝑥𝑥2
2  + 𝑐𝑐  

________________________________________ 

Parametric Equations 
Area Under the Graph  
 

Cartesian Equation  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = �𝑦𝑦  𝑑𝑑𝑑𝑑 

Parametric Equation  

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 = �𝑦𝑦  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 𝑑𝑑𝑑𝑑 
 

Don’t forget to change the limit 
𝑥𝑥 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑡𝑡𝑡𝑡 𝑡𝑡 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 



Trapezium Rule 
(Estimate Area Under the Graph) 
 
𝟏𝟏
𝟐𝟐
𝒉𝒉[(𝒚𝒚𝒐𝒐 + 𝒚𝒚𝟏𝟏) + 𝟐𝟐(𝒚𝒚𝟏𝟏 + 𝒚𝒚𝟏𝟏 + ⋯… +  𝒚𝒚𝒏𝒏−𝟏𝟏)] 

 

𝒉𝒉 = width of the trapeziums 
𝒚𝒚𝒐𝒐 + 𝒚𝒚𝟏𝟏 = First and last height  
𝒚𝒚𝟏𝟏 + 𝒚𝒚𝟏𝟏 + ⋯… +  𝒚𝒚𝒏𝒏−𝟏𝟏 = All other heights 
 

 
________________________________________ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Integration as a  
Limit of a sum 

 

lim
𝜕𝜕𝜕𝜕→0

�𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅
𝑏𝑏

𝑥𝑥=𝑎𝑎

 

 

 

lim
𝜕𝜕𝜕𝜕→0

� 𝑦𝑦 𝜕𝜕𝜕𝜕
𝑏𝑏

𝑥𝑥=𝑎𝑎

 

 
 

 
This is an integration in disguise.  

 

 

lim
𝜕𝜕𝜕𝜕→0

∑  𝑦𝑦 𝜕𝜕𝜕𝜕𝑏𝑏
𝑎𝑎  = ∫ 𝑦𝑦 𝑑𝑑𝑑𝑑𝑏𝑏

𝑎𝑎  
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Which Integration Method? 
 

Non-Trig Functions 
 

• Standard Function  
• Reverse Chain Rule 
• By Parts or By Substitution  
• Partial Fractions / Improper 

Algebraic Fractions 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
Trig Functions 

• Standard Function 
• Formula Sheet 
• Reverse Chain Rule 
• By Parts or By Substitution 
• Rewrite using Trig Identities 

 

 


