Year 2 Pure Chapter 11 - Integration

Standard Functions
(Must Learn)
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[ax™dx = —

+c
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denominator to power of 1
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1
(ax + b) "1
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Trig Function
(Formula Booklet)

Integration

[ sec? kx dx = %tankx +c
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[ tan kx dx = —In[seckx] + ¢

[ cot kx dx =
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kln|sinkx| +c

[ cosec kx dx

—Eln |cosec kx + cotkx | + ¢
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In |tan (Ekx +Zn)| +c

feax+b dx = leax+b +c
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[ cos(ax + b) dx = Esin(ax +b)+c

1
[ sin(ax + b) dx = —Ecos(ax +b)+c

Differentiation

= = A= F = F e

First Principles

£(x) = }ingt(x + h) — f(x)

Integration

f(x) € f'(x)
tan kx+ C ksec? kx
seckx+C ksec kx tan kx
cothkx +C —kcosec? kx

cosec kx + C —kcosec kx cot kx




Reverse Chain Rule
(Multiplying Functions)

[ (f)"

Possible answer

[f ol

Differentiate possible answer
to see if you need a multiplier

Reverse Chain Rule
(Dividing Functions)

Possible answer
In|f (x)| +c

Differentiate possible answer
to see if you need a multiplier

By Parts
(Multiplying Functions)

dvd_ fdud
udx X = Uv vdxx

Given in the formula booklet.

u will always be the x™ term
UNLESS one term is In x.

Special Case:

[Inx dx=[(1)(Inx) dx
Now do by parts

By Substitution

Rewrite the question and
the limits in terms of u

2
J xV2x + 5 dx
1

letu =2x+5
u->5

Rearrange x = 5

Differentiate au _ 2
dx

Rearrange dx = %du

Change Limits using,
u=2x+5

When x = 2 then u =9
Whenx =1 then u=7

Now substitute,

9 _
f “ 5)\/5 %du
7

2
Tidy up,
3 1
7 uz 5u§d
L 4 4

Now integrate,
and substitute in limits.



Year 2 Pure Chapter 11 - Integration

Partial Fractions

Take a single fraction and split it into two
or more fractions then integrate each
individual fraction.

j A, B __C
3x+1 x—2 " (x—2)2 "

Numerator: Power of 1

j A _ 1, 2
3x g1 34nlx=2]

f b BIn[x — 2]
x—2

Numerator: Power not 1
f c  Cx=-2)"
(x —2)2 —-1

C(x—-2)"1
( ) +
-1

1 1
= §Aln[x— 2]+ §Aln[x— 2]+

Before doing partial fractions always check to see
if you have a top-heavy fraction. Is the highest
power of the numerator equal or greater than the
highest power of the denominator?

j9x2—3x+2
9x% — 4

If yes then do algebraic long division,

—j1+ 6 — 3x
a 9x% — 4

Now partial fractions,

S PP
B 3x —2 3x—2

Now integrate.

Differential Equations

(Mix of variable and derivatives)

dy_
dx_xy

Split

[2av=[xad
—dy = | x dx
y

Integrate

2
X
In [v] = vi + c
Make y the subject

2
X
y= 67+C

Simplify if possible

Parametric Equations
Area Under the Graph

Cartesian Equation

Area = jy dx
Parametric Equation
area = [y ¥ at
rea = | vy 77

Don’t forget to change the limit
x limits to t limits




Trapezium Rule
(Estimate Area Under the Graph)

1
Eh[(ya +y)+2(y1 + Y1+t Yao)]

h = width of the trapeziums
Y, + ¥1 = First and last height
y1+y1+ ..+ Yn_q1 = All other heights

Y A
A
j.l'i
Y2
) il
j.l'n-
0 1 2 3 "

Integration as a
Limit of a sum

-

4

a b

b
lim z Area of Rectangle
dx—0

x=a
y
ox
b
lim z 0x
dx—0 Y
x=a

This is an integration in disguise.

. b _ b
lim 30 y 0x = [,y dx



Year 2 Pure Chapter 11 - Integration
Which Integration Method?

Non-Trig Functions

Trig Functions

e Standard Function e Standard Function
e Reverse Chain Rule e Formula Sheet
e By Parts or By Substitution e Reverse Chain Rule
e Partial Fractions / Improper e By Parts or By Substitution
Algebraic Fractions e Rewrite using Trig Identities
f(x) How to deal with it J’f(x)dx
1 Standard function Inx How to deal with it
x
sinx Standard function —CcoSX
Use IBP,
In x where 1 = ]nx,%: Inx xInx —x cos x Standard function sinx
Use algebraic division. tan x Formula booklet In|sec x|
X
X1 x o, X = Injx + 1] Double Angle for cos 2x
x+1 x+1 . 5 cos2x =1—2sin®x 1 1,
: sin“ x 11 Ex—zsm2x
U rtial fractions. - sin?x = = — =cos 2x
ey se partial fractions ln|x| ln|x + 1| o)
4 Double Angle for cos 2x
x ) 2 — 2.
] Reverse chain rule. 2 ln|x + 1| cos? x cos2x = icoi -1 %x + %sin 2x
Power around denominator 1 cos? x = 2 + ECOS 2x
x _ -
—— | sorewriteas x(x2 + 1) ’ _Z (xz + 1) 1 1+tan?x = sec x
(x2+1) ) 2 tan? - tanx — x
then reverse chain rule an"x tan® x = sec® x — 1
et Divide by coefficient of x 1 e2xtl cosecx Formula booklet —In|cosec x + cot x|
- secx Formula booklet In|secx + tan x|
IBP or use sensible
—_— substitution. 1 3 cot x Formula booklet In|sinx|
Zx+1 u=2x+1 —(2x+1)23x-1) -
) 15 cosec’x By observation. —cotx
oreven better, u® = 2x + 1.
sec?x Formula booklet tan x
cot?x 1+ cot? x = cosec?x —cotx —x
For any product of sin and cos
with same coefficient of x, 1
sin 2x cos 2x use double angle. —gcos 4x
1
sin 2x cos 2x = 3 sin 4x
. 5 - 1 .
sin® x cos x Reverse chain rule. —sin®x




